In this paper, we prove Erdős distance conjecture in R d , namely, a set of n points in R 2 determines Ω( n √ log n ) distances, and for d ≥ 3, a set of n points in R d determines Ω(n 2 d ) distinct distances.
Introduction
Erdős distance problem in R d is one of the most important and well known problems in discrete geometry. Erdős conjectured [2] that the number of distances determined by n points in Euclidean plane R 2 is at least n √ log n , which is the number of distances determined by √ n × √ n integer lattice. In 2010, Guth and Katz [3] settled the conjecture, up to a square root log factor showing that n points determine at least C n log n distances. In higher dimensions the distance problem is still open. The integer lattice {(x 1 , . . . , x d ) :
1 ≤ x i ≤ n 1 d } in R d , assuming that n 1 d is an integer, determines Θ(n 2 d ) distances. Erdős conjectured that the number of distances determined by a set of n points in R d is Ω(n 2 d ). The best known result in this direction is due to Solymosi and Vu [4] , which states that n points R d detemines Ω(n 2 d − 2 d(d+2) ) distinct distances. In this note, using a similar approach given by Viazovska in [5] for the solution of Sphere Packing problem in dimension 8, we prove the Erdős distance conjecture in R d .
Main Results
Then the number of distinct distances determined by E is Ω(n 
Then for any lattice L and L periodic point set E, the distance density of E, which is |E/L| |L| , is at least f (0)
Proof. The proof of this theorem is similar to the proof of [1, Theorem 3.1] given by Cohn and Elkies. We will assume that E is L periodic since this will give the minimum number of distances. We can write
where in (1.1) we used the assumption 1, in (1.2) Poisson summation formula is used, and in (1.3) we used assumption 2. Therefore, assuming f Proof. We can take f (x) = −g(x) where the radial function g(r) is given by Viazovska in [5, Theorem 4], more precisely,
Then it can be readily check that f (r) = −g(r) satisfies the conditions of Theorem 1.2.
Proof of Theorem 1.1
We first assume that d ≥ 3. For d = 2 we have a similar argument.
Let E be subset of R d with |E| = n. We know that if E is in a lattice configuration, then the number of distances |∆(E)|determined by the points of E is Θ(n 2 d ). If E is periodic with respect to a lattice L, then
where |L| = V ol(R d /L) is the volume of fundamental parallelogram of the lattice L. We can see |E/L| |L| as the distance density of E. Therefore if we use the function f (x) = −g(x) given in Theorem 1.3, Theorem 1.2 implies that
We note that if E is in a general position, then |∆(E)| is greater than |E/L| |L| .(n 2 d ), hence we conclude that for any E ⊂ R d with |E| = n,
Now, for the case d = 2, we know that if E ⊂ R 2 is a set of n points in √ n × √ n integer lattice configuration, then E determines Ω( n √ log n ) distances. If the set E is periodic with respect to a lattice L, then as in (1.5) we have
(1.6) Therefore for any E ⊂ R 2 with |E| = n, we have |∆(E)| n √ log n .
